n&0, h, r) is the set of elements of n(r9, h, r) containing the given subset Q. of R".
I. INTRODUCTION
Let us consider, as an example, the following problem:
Let Qa and D be 2 bounded sets in W, such that s&, C D, and let f be given in L2(D) and yd be given in P(Q,). yd is suspected to be the restriction to Sz, of the solution in an unknown set Q(QO C Q C D) of the Neuman problem:
-AyQ +ys2 =f on Q, aYQ 0 an= on m.
The question is: knowing only Q,, , D, yd , is it possible to find Q such that:
where yo lo0 denotes the restriction of yo to Q0 ? This problem can also be formulated in the following way. For an open set !S(sZ, C Q CD), we consider: J(Q) = II Yr2 IR, This defines a functional on a certain set 17 of subsets of W which we shall define precisely later. The question now is to minimize J(Q) on n.
This problem appears to be an example of optimal controlproblem where the control set is a set of domains in [w" and where the system is governed by a partial differential equation.
In this paper, we shall work on the existence of an optimal control for such a kind of problem. This will lead us to study properties of continuity of J and compactness of the set of controls.
Therefore, the crux of our problem is to find a set of open subsets of IWn and to put on it a topology, so that we have in the same time compactness of n and continuity of the functional J on II.
In order to prove the continuity of J in these problems, the following property for l7 appears to be of great help:
Let m be a positive integer. There exists a positive constant K such that: VQ E l7, there exists a linear, continuous extension operator p, from ZP(Q) to EP(lJP) such that:
(H"(Q) denotes the usual Sobolev spaces).
This will be called the "uniform extension property." We shall prove that a certain set 17 of open subsets of RF satisfying this "uniform extension property" is compact for an appropriate topology. Then we shall use these results in the previous example. We shall prove that the functional J defined above is continuous on the compact set l7, which means that there exists an optimal control in lir.
General definitions are given in this introduction. The "uniform extension property" is studied in Section II. The compactness property is studied in Section III. The example is studied in Section IV. DEFINITION 1. Let h > 0 and 0 ~]0,77/2[ be 2 given numbers, and .$ be a given element in BP such that jl e 11 = 1. We shall call cone of angle 0, height h, and axis 5 the set: C(5, 0, h) = {x E R"; (x, 5) > II x /I cm 'A /I x II < h} ((., .) denotes the usual inner product in UP). DEFINITION 2. Let 0 E IO, rr/2[, h > 0, r > 0 (2~ < h) be 3 given numbers. A subset Q of l!P is said to satisfy the "cone property" if and only if:
vx E aq 3C, = C(t,, 0, 4, QxEO~I-IJ~X+C~CQ.
Agmon does not a priori prescribe the height and angle of the cone, and a special type for the sets Oi . Nevertheless, for a given bounded open set, it can be proved that it is possible to find 6, h and r such that both definitions are equivalent.
What makes the distinction important here is that we work on an infinite set of domains.
We require 0, h and Y to be uniform for all the domains.
TopoZogy on If (B, h, r) . The topology we shall use on J7(0, h, r) is the strong P(D) topology of the characteristic functions in D of the elements of n(r9, h, r). It means that we shall say that Qr converges to Q, in n(e, h, Y) if and only if:
where w1 and wa denote the characteristic functions of Q, and Q, in D.
Remark 2. This is more precisely a topology on the set of equivalence classes for the relation: co1 -w2 0 w1 = w2 a.e.
Nevertheless,
it is possible to prove that there is at most one element of n(t9, h, r) in each equivalence class.
In the following pages, U(0, h, r) d enotes the set of the characteristic functions in L2(D) of the elements of n(0, h, r). w denotes the characteristic function of Q.
We shall prove in the next sections that if 0, h and r are fixed, then n(8, h, r) satisfies the "uniform extension property" and is a compact set for the strong L2(D) topology on U(6, h, r).
We shall deduce from that an existence result for the problem stated at the beginning of the paper.
II. THE UNIFORM EXTENSION PROPERTY
Let 8, h, r be 3 fixed numbers (0 ~10, a/2[, h > 0,2r < h). We prove in this section that 27(8, h, r) satisfies the "uniform extension property", i.e., We shall use for that Calderon's extension theorem which can be found in Agmon [l] . Agmon proves that if a domain Q satisfies a cone property, then there exists a linear continuous extension operator from H"(Q) to EP(FP). We shall refine this proof to show that the norm of such an operator depends on the domain only through 8, h and Y.
Stein also builds an extension operator in [5] , which is different from Calderon's.
We first prove a local result, then a global one using a partition of unity.
I. Local Result.
PROPOSITION 11.1. Let Q be an open set in IF@ whose boundary contains the origin, and such that there exists a cone C with axis 5, angle 8, height h such that:
vx E B(0, I-) n Q, x+ccf2.
Moreover, let u be an element of F(Q) n H"(Q) (m E N) whose support is included in the ball B(0, r/2). Then, u can be extended to an element v E Hm( IF?). Moreover, there exists a constant K such that:
and where K depends on Q through 6, h and r only. For simplicity's sake, we prove the result for m = 1. It can be proved in the same way for m > 1. A few remarks about it can be found at the end of the paragraph.
Let us consider an element q~ of Fm(Q) the support of which is contained in Z n r and such that:
Then, for each j belonging to (l,..., n), and y E W (y # 0), we set:
(yj is thejth component of y).
Each of these functions is positively homogeneous of degree 1 -n with support contained in r. From Sobolev representation formula (cf.
[l]), we have:
(notice that this formula holds in (B\B') n Q where u = 0).
Let us then set:
As $2 satisfies the cone property at the origin, if x E Q n B, then for each y in C, x + y belongs to Q. So:
Vx'xESZn B, t/y E c, zuj(x + y) = D&(x + y), and:
Let us now consider a function # E %P(lW) such that:
J/J(x) = 1;; 2: ; ; ;;* 0 G<(x) < 1, Vx E B\B'.
We define:
We shall prove that this function satisfies the required conditions: It is obviously an extension of u; we only have to prove that it belongs to H1(Rn) and to estimate its norm in XP(EP). Let us now work on T, . We notice that for each x E IP, we have:
then, if we set Ci'(y) = +j(-y), we get:
(* denotes the usual convolution). As $j' is positively homogeneous of degree 1 -n and as wj is bounded, we can use the Calderon-Zygmund theorem (cf. Agmon [l]). We know that Dk(+j' * wj) belongs to L2( [w") and that there exists a constant K(B) such that:
hence:
and:
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Now, from (a) and (b) we have:
which is the expected result.
Remarks.
To prove the result for m > 1, we should use a function v E 'Z'=(Z) whose support is included in .Z n F such that:
for each multiindex 01 such that I OL j = m, and:
w,(y) = pyJy foryES?, fory $Q,
The estimation of 11 Dev I/ can be carried out as in (a) for 1 /3 I < m. Arguments of singular integrals used in (b) are necessary for 1 fi 1 = m.
I II. Global Result
To prove the desired extension theorem, for each Sz E n(O, /z, r) we shall need a special type of partition of unity. We first prove the existence of these partitions of unity. These functions belong to %P( BP), their supports are, respectively, included in Bi', and:
Moreover, their derivatives can be bounded above:
This bound depends on Q E n(0, h, r) only through E, therefore only through Y. We shall use the : following notations:
4 is an element of Iw" with norm 1, C is the cone with axis 5, angle 0, height h; Ei is the axis of the cone Ci such that:
Vy~B(x~,r)nQ:y+ CiCQ (i = l,..., v).
Moreover, for each index i E {l,..., v}:
Ai is the rotation operator in Iw" such that Ait = ti; Ti is the operator from Iw" to [Wfl defined by Tix = Aix + xi; Qzi = T;'(Q).
DENISE CHENAIS
We notice that oi obviously satisfies:
V~~~~~nB(O,r):y+CC~,i.
And if u E P(Q), then zi = u o Ti belongs to H1(oiZi) and:
Let us now consider an element 21 E S+(Q) n EP(Q) that we want to extend to an element v E P(lP). We set:
and we extend each ui . For i = 0, u0 is trivially extended by v,, defined by:
uow,
q, belongs to Hm(Rn) and
For i > 1, we notice that the couple (J& , z& = ui 0 Ti) fulfills the conditions of the local extension theorem (Proposition 11.1). Therefore, there exists an element d, E H" (P) which is an extension of Ii and such that:
Now, the function oi = di o T;l also belongs to Hi and it is an extension of ui . Moreover:
From that, we derive that v = cl=, vi is an extension of u and that:
Now, considering that v and the derivatives of the functions & are bounded uniformly on n(0, h, r), using the Leibnitz's rule on the identities:
we get:
II 'u IIHrn(fp) G w, A, r) II u Ilpyfj) *
We have thus found an extension of any element of gm(D) n EP(Q). Now, as 9 satisfies the cone property, we know that %P(sZ) is dense in H"(Q) (cf. [l] ). So, we can also extend any element of H"(Q). And the norm of the extension operator we have built is bounded by the constant K(B, h, r). The expected result is now proved. I III. COMPACTNESS OF 17(0, h, r) We prove in this section that n(O, h, r) is compact for the strong L2(D) topology of the characteristic functions of its elements.
Remark. We notice that for eachp E N, 1 < p < +co, theD(D) topology on the set of characteristic functions of the elements of n (O, h, Y) is the same as the L2(D) topology. We prove here the compactness result for the ,52(D) topology. The same result follows for any P(D) topology (1 ,< p < + co). In the first paragraph, we prove that the open sets satisfying the "cone property"
are the "uniform Lipschitz sets" (a notion we shall define precisely later).
This result is of some help to prove the compactness of 17(8, h, r). In the second paragraph, we prove that JI(@, h, ) .
r IS relatively compact. In the third paragraph, we prove that it is closed.
Let us now give a few definitions and notations we shall use in this section.
Notations. Let x be an element of Rn. In a given system of coordinates, we denote by: Xl,..., xn the coordinates of x; x = (a, P) where 2 E P-l,
x" E R (last coordinate of x); if S and 6' are 2 given positive numbers; P,,,(x)=(yE[W~;Iy~-x~~<S,i=l,...,n-l,/y"-xx"I<S'), Pa(i) = (9 E RFl; ( xi -yi 1 < 6, i = l,..., 11 -1). We prove here that:
(1) VB, h, Y, 3, 6 such that n(O, h, r) C Lip(k, S),
(2) VA, 6, 38, h, Y such that Lip(k, 6) C n(O, h, r).
We first prove the following lemma.
LEMMA 111.1. Let 52 be an element of l7(8, h, r), x an element of an, and C, the cone with axis [% associated to x by the "cone property." Then:
(i) Vy E B(x, r) n 82 we have:
(y -C,) n B(x, T) C l$2;
(ii) Vy E B(x, Y), the set:
contains at most one point of 82 n B(x, r).
Proof * (i) Let us recall that if t E B(x, r) n Q, then t + C, is included in Q, which means that if an element z of KY verifies:
(z -1, g,) -I/ x -t/l cos e > 0, II 2: -t II -=c h, where t E B(x, r) n Q, then z belongs to Sz. Now, if y is an element of %2 n B(x, r) and z is an element of the cone y + cz 9 using the definition of SQ and the continuity of the functions of t defined by:
II z -tll 9 it follows that there is an element t in Q n B(x, r) such that z belongs to t + C, . Therefore, z belongs to 9. So:
Vy E B(x, P-> n ai2, y + GCQ. Proof. We have to find 2 positive numbers k and 6, and for each x E aQ (Sz E n(8, h, r)) we have to build the function v2 of Definition 111.1.
So for a given IR in n(0, h, Y) and x E a&!, let us consider a coordinate system where the axis 5, of the cone C, is the last coordinate axis. It is easy to prove that if an element y E lP is such that 119 -i 11 < Y sin 0, then both intersections of the set: 4 = {Y + GE; x E w with (X + C,) n B(x, I) and (X -C,) n B(x, Y) are not empty. Moreover, from Lemma 111.1, we know that the first is a part of Sz and the second is a part of C%. Therefore, there is at least one point of &' in A, n B(x, Y) (theorem of boundary crossing); and, from Lemma 111.1, we know that there cannot be more than 1. Consequently, there is a function: We first prove that if y E &Q n P&x), then (y + F) n P,,(x) C $2. To achieve that, we just have to prove that if z belongs to (y + IJ n P&x), then :
If x is an element of (y + r) n P&x), we know that:
which means:
And as y belongs to X2 n P&x), we know that:
On the other hand, we know that yr is a Lipschitz function, so that:
which is the expected result. Now, we set: r _ min(h 8') , 3 h = 2r
and prove that 0, h, Y fulfill the requirements: let y be an element of B(x, r) n ft. The element Y = (9, vz( 3)) of 172" belongs to P&x) n Xi?
So, by the previous result, we know that:
(Y + 0 n M4 C Q, and as ~71 > p)%(j), y E I; f c from geometrical properties of cones:
(y + r) n P&X) C (Y f-I') n Pss+2) C Q. Now, as j y'" -x" 1 is less than 6'/2:
This ends the proof of Proposition 111.2. I
II. Il(O, h, Y) is Relatively Compact
Let us recall that the topology we study on n(e, h, r) is the strong J?(D) topology for the characteristic functions of its elements. So, considering that the mapping:
is continuous, to prove that n(8, h, r) is compact, we only have to prove that the set of characteristic functions of the elements of n(0, h, r) in W is relatively compact in ,V(aB"). Since no confusion is possible, w will denote both characteristic functions of an element 52 of fl (B, h, r) In our problem, the condition on the supports of the functions and the condition (i) are trivially satisfied. We just have to prove that (ii) also holds. To achieve that, we prove the following result. Proof. We know (Proposition 111.1) that there are 2 positive numbers li and S such that n(O, h, r) C Lip@, 6). It is then sufficient to prove the result on Lip(K, S).
First, it is possible to prove that there is an integer N such that for each D E Lipfh, a), &Q can be covered by v < N sets P&xi) (j = I,..., v), where xj E 8Q (j = l,..., V) and where: So, let Q be an element of Lip(K, 8) and (P&xj), j = I,..., V) be such a covering of iK? For a given t E R", we seek an upper bound for I(t) = J 1 w(x + t) -w(x)p dx Rn independently of p. We first notice that:
where:
And as: x" = q&(a)
x'n cpZj(G') I 0 11 x -x' 11 < 11 2 -2' /I (1 + Ka)r/a = and:
II 2' -4 II < II ~9 -9 II + II 9' -9' Ii + II j' -2' II < 2 II t II .
Then:
I y" -y'" I < 2 II t II (1 + (1 + w'2). 
III. n(e, h, r) is CZosed
In this paragraph, we shall prove that n(0, h, r) is closed for the topology we are concerned with.
For this we consider a sequence (sZ,),,N of elements of n(0, h, r) such that the sequence (u,),,~ of their characteristic functions converges to an element w cL2(D).
We shall prove that there is an element D E n(0, h, r) whose characteristic function is almost everywhere W. The method used for this is the following.
We build a subset Q of D such that for each x E 852 there exists a subsequence still denoted by (QJnEN of (Q,), such that: (i) Vn, 3x, E %Q, such that x, + x when n -+ + co.
(ii) The sequence (&J f o axis of cones C, associated to the points x, in Q, converges to an element 4 of KP with norm 1, which we take as the axis of a cone C.
(iii)
Vy E B(x, r) n 38, 3y, E B(xn , r) n Q, such that yla -+y.
(iv) Vy E B(x, 9) n Q, y + C C Q.
We shall then derive from these properties that fi satisfies the cone condition, and that w is a.e. its characteristic function. We first prove a few propositions we shall need to establish the closure theorem. G=n, G,n= tj Q'n, msN n>m
for each x E 8G, there is a subsequence (L&, k E N) of (i&J, and ekments xk E iX& such tfiat x, + x when k -+ 00.
Proof. Let x be an element of 8G. We shall prove that for each k E N (k # 0), it is possible to approximate x by an element xk belonging to the boundary of a certain Dzk and such that 11 x -xk 11 ,( I/k. To achieve that, we first approximate x with an element xk of the boundary of a certain Qnk .
(1) Qk E N, (k > 0), 3m, E N and yrc E aG,* such that 11 x -yk I] < 1/2k.
We just have to prove that the distance from x to aG,,, vanishes when m-t 03.
If it were not true, since the sequence (G,), is decreasing, there would exist 6 > 0 such that: Qm>O, B(x,s)naG,= 0.
But, as x E aG: Qm,B(x,6)nG,# 0.
So, for any m, we would have:
3(x, 6) C G, .
G would then be a neighborhood of x, which contradicts the assumption that
XEaG. Now the boundaries of the sets G, are compact. So x has a best approximation in every aG, . And there exists an index m, and an element yk in aGmk such that:
IIX-Ykll&.
We now approximate this yr .
(2) 3n, and Xf; E aQnz such that 1; Xl< -3'1; /I < 1/2k.
As yk E aG,nk , there is an element vk in Gm, such that:
and from the definition of Gm, , vk belongs to a certain Qnk (Q > m,). So that:
Now, as Gmk is an open set, yk does not belong to GVnk , therefore, it does not belong to Q, . So its projection xk on Qnnk belongs to X& . And:
1 Thus, we have found an index n, and an element xk E aQn1: such that: 
Proof.
Let us consider a sequence (Q,JnpN of elements of 17(8, h, r) such that the sequence (w,),~~ of the characteristic functions of the sets Q, converge to w ELM.
We have to prove that w is a.e. the characteristic function of an element of n(f?, h, r).
First, there is a subsequence still denoted by (~3, of (w,), which converges to w almost everywhere. We shall now work on this sequence.
From Proposition III.5 w is a.e. the characteristic function of the set:
G=nGm where G,,, = u Q, . meN n>m Next, from Proposition 111.4, we can modify G by a set of measure 0, to build a set 52 which is clean. w is a.e. its characteristic function. We now prove that this set (which is not necessarily open) satisfies the cone property, that is: VXE aa, 32, such that vyEE(x,r)nQ, y+ c,cL?.
To prove that, for each x E a.Q, we build a subsequence still denoted by (Q,), of (Q,), such that: there is a sequence (x,),,~ of elements of 80, converging to X; the sequence of axis of cones C, associated to x, in 52, converges to an element f E R" with norm I ; for each y E B(x, Y) n 52, there is a sequence (JJ&~ of elements of B(xn > r) n Q, converging to y; the cone C with axis 5 verifies:
Vy E B(x, r) n Q, y+ccsz.
So, let x be an element of 8.Q. From Proposition 111.4, x also belongs to 32, and from Proposition 111.6, there is a subsequence (Sz,), and elements X, E aQ, such that: x,+x when n+co.
Now, as the sets .R, belong to n(O, h, Y), for each n there is a cone C, with axis 4, such that:
(.$,), is a sequence in the unit ball in If2 %. So there is a subsequence still denoted by (t,), converging to an element 5 E Rn with norm 1.
Let us consider an element y E B(x, Y) n Sz. From Proposition 111.7, there is a subsequence (Q,J, of the last sequence (Q,), and elements yn belonging to B(xn , r) n Q, such that:
Yn-Y when n-co.
C denoting the cone with axis E, we prove that:
We denote by:
xn the characteristic function of the cone C,,; x the characteristic function of the cone C; p(C) the measure of the cone C, which is equal to &CR).
First, notice that:
and as Q is clean, we even have: s x(t+y)w(Z)dt=CL(C)~y+C R"
So we just have to prove that this equality holds:
We know that yn + C, is included in Q, , so:
And if we consider the functions: Q)n(t) = XT@ + Y?A &I = x(t + Yh it follows from the convergence of yn to y and [, to 6 that vn converges to 9) in L2(KP) (strong topology). Moreover, we know that We + w in L2(Rn). So: To prove it, we first notice that p(&?)) = 0 (this because a E Lip(K, 6) and a(d) is a finite union of Lipschitz function graphs). Then if x E 52\(a), as Q satisfies the cone property, we know that x + C, is included in Q. So x E a$?). And:
So fi is an open set satisfying the cone property, and w is a.e. its characteristic function. It follows that the sequence (Sz,), converges too, and that n(0, h, r) is closed.
We have proved that n(0, h, r) is relatively compact and closed. The expected result is now established: n(0, h, ) r is compact for the strongP(D) topology on the set of characteristic functions of its elements. It is also compact for the D'(D) topology for each p E N, 1 < p < + co.
IV. AN APPLICATION TO AN IDENTIFICATION IN A NEUMAN PROBLEM
Let us go back to the particular problem given in Section I: As previously D is a given bounded open set in l&P. Moreover, let it be given: So, to prove that j(G),) converges to J(D), it is sufficient to prove that z, converges to y for the strong topology of L2(Q). Now, the extension property in Q is sufficient to imply the compactness of the injection from Hi(Q) to L2(Q). Therefore, we only have to prove the convergence of z, to y for the weak topoZogy ofHl(Q).
We shall now prove this. First, considering that:
we know that the sequence (m), is bounded in HI(D). So, from the weak compactness of the closed subsets of EP(D), we only have to prove that the restriction z to D of any cluster point y of the sequence (~~'n)~ satisfies the equation defining y, that is: So, let ( Y&.~~ be a subsequence of (y,), converging to an element y for the weak topology of P(D).
It has a subsequence still denoted by (m,& such that the associated sequence ( w,& converges to w almost everywhere. We now work on this subsequence. We know that: NY,, 9 d)II'(Rnk) = (A dLqnnk) 3 %J E WQn,)> and from the extension property, this is equivalent to:
We set: cl = j Proof.
We just have to put the previous results together: We have seen that J is continuous on 17,(0, h, r). On the other hand, we have seen that Lr(O, h, r) is compact (Section III). So, we just need to verify that IT,(B, h, Y) is a closed subset of Lr (O, h, r) . This is a direct consequence of Section III, specially Theorem III.2 and Proposition 111.4. So, J is a continuous functional on a compact set. It reaches at least once its minimum. Now, to conclude, we just say that the existence of a minimum for J allows us to use a classical algorithm to minimize J (cf. [3] ). Of course, we know nothing about the fact that this minimum is 0 or not. We shall have to compute it. If the computed minimum is 0, then the corresponding domain is a solution.. If it is not 0, the original problem has no solution in &(8, h, r).
